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Abstract The Green–Naghdi (GN) theory is used here to simulate two-dimensional (2D) underwater
landslide-induce tsunamis. Finite diﬀerence method is used to solve the GN equations. GN theory
has diﬀerent levels. There are GN-1, GN-2, · · · , GN-K theory in GN theory. When K goes up, the
GN equations will be more complicated, and the results will be more accurate. For the case simulated
here, results of GN-5 theory are better than results of GN-3 theory. GN-7 results are almost the
same as GN-5 results. That means GN-5 results are the converged results from GN theory. GN-5
results agree well with other’s experimental results. c© 2013 The Chinese Society of Theoretical and
Applied Mechanics. [doi:10.1063/2.1303204]
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Due to the importance of waves generated by un-
derwater landslides, many numerical studies of land-
slide waves have been carried out by researchers.1–5 A
fully nonlinear free surface ﬂow model is still needed
to simulate the tsunami phenomenon in a most eﬃ-
cient way. In this paper, Green–Naghdi (GN) theory
will be applied to simulate this phenomenon. In 1974,
Green and Naghdi developed the GN theory to analyze
nonlinear water wave problems. Ertekin et al.6 applied
GN theory to ship wave-making problems. Webster and
Kim7 extend 2D Level 3 GN theory to deep-water wave
ﬂow. Xu et al.8 applied the 3D Level 3 GN theory to
irregular deep-water waves simulations. Demirbilek and
Webster9,10 applied the 2D Level 2 GN theory to non-
linear shallow-water wave problems. Ertekin and Kim11
utilized the 3D linear Level 1 GN theory to study the
hydroelastic behavior of a mat-type VLFS in oblique
waves. Xia et al.12 studied the hydroelasticity of a 2D
mat-type VLFS by using nonlinear Level 1 GN the-
ory. Zhao et al.13 applied the Level 2 GN theory to
earthquake-induced tsunamis simulation. In this pa-
per, GN theory will be used to simulate 2D underwater
landslide induced tsunamis.
In this paper, the ﬂuid is assumed to be inviscid
and incompressible. But, the bottom can vary with
time. For the coordinate system, the Oxy-plane is the
still water level and the Oz-axis directs upwards.
Webster et al.14 simpliﬁed the 3D GN equations. If
we exclude the surface tension eﬀects, the value of the
pressure on the free surface should be zero. The 2D GN
equations can be got easily as
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The location of the free surface is denoted by z =
β(x, t) and the bottom as z = α(x, t). It should be
noted that the bottom is allowed to vary with time in
GN model. The GN equations with K = 1, K = 2, · · ·
are called GN-1, GN-2, · · · equation, respectively.
In GN theory, the velocity ﬁeld is expressed approx-
imately as
u(x, z, t) =
K∑
n=0
un(x, t)z
n,
w(x, z, t) =
K∑
n=0
wn(x, t)z
n.
(3)
For example, the velocity ﬁeld for GN-1 theory is
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Fig. 1. Model setup.
expressed approximately as
u(x, z, t) = u0,
w(x, z, t) = w0 + w1z.
(4)
For GN-2 theory, the velocity ﬁeld is expressed ap-
proximately as
u(x, z, t) = u0 + u1z,
w(x, z, t) = w0 + w1z + w2z
2.
(5)
For GN-3 theory, the velocity ﬁeld is expressed ap-
proximately as
u(x, z, t) = u0 + u1z + u2z
2,
w(x, z, t) = w0 + w1z + w2z
2 + w3z
3.
(6)
For diﬀerent values of K, a complete, closed set of
equations will be developed in GN theory. When K
increases, the complexity of GN equations will increase.
The big diﬀerence between diﬀerent levels is the ve-
locity assumption. When we use the GN theory, we
may not know how the velocity changes along the ver-
tical direction. The best way we think is to check the
self-convergence of the GN theory ﬁrst. That means we
should do the numerical simulations by use of diﬀerent
levels of GN theory.
Sue4 has done several 2D laboratory experiments
modeling underwater landslide-induced tsunamis. In
these experiments, the landslide density and initial sub-
mergence were varied. Sue4 generated an extensive
dataset of experimental data. The model domain is
shown in Fig. 1.
The parameters for the experiment are: the land-
slide length b = 0.5 m, landslide thickness T = 0.026 m,
basin length L = 14.66 m, water depth h = 0.435 m,
slope angle θ = 15◦.
The depth proﬁle of the model can be described
with the following function
h(x) = 0.008 m, x < 0.030 m, (7)
h(x) = x tan(15◦), 0.03 m  x < 1.297 m, (8)
h(x) = −0.19(x− 1.297)3 − 0.102 4(x− 1.297)2 +
0.272 8(x− 1.297) + 0.347 5,
1.297 m  x < 1.807 m, (9)
h(x) = 0.435 m, x  1.807 m. (10)
It should be noted that the minimum depth 0.008 m
is used here.
A quartic shape, an approximation to the semi-
elliptical slider used in the experiments, was used in
Fig. 2. Snapshot at t = 4.6 s by GN-2, GN-3, GN-4 theory.
Fig. 3. Comparison between GN theory and experimental
results at t = 4.6 s.
Sue’s boundary element method (BEM) model. The
shape function, f(x) for the quartic is
f(x) = 0.026{0.982 [1− (4x)4]},
−0.25 m  x  0.25 m. (11)
For this validation the SG3 IS5 test measured by
Sue is chosen. The parameters for the SG3 IS5 test are:
Initial submergence di = 0.05 m. This case is the one
whose initial submergence is the shallowest.
The velocity of the landslide was measured by Sue.4
We use least-squares method to ﬁt the measured curves
and obtain the following formula
v(t) = −0.000 404 1 + 1.459 59t− 2.407 54t2 +
312.874 2t3 − 5.349 4t4 + 53.341 1t5 −
345.146 8t6 + 20.158 3t7 − 3.718 54t8,
0 < t  1.519 89 s, (12)
v(t) = 111.923− 308.448t+ 361.339t2 −
3 232.857t3 + 90.484 9t4 − 21.775 4t5 +
33.177 99t6 − 0.257 83t7 + 0.008 924 5t8,
1.519 89 s < t < 5.526 08 s. (13)
The snapshot of ﬂuid domain at t = 4.6 s is shown
in Fig. 2.
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We can see that the results of GN-2 theory show
some obvious diﬀerences with results of GN-3 theory at
t = 4.6 s. At t = 5.6 s, GN-2 results also have much
diﬀerence comparing with GN-3 results. To save space,
the results at t = 5.6 s will not be presented here. But,
results of GN-3 and GN-4 theory are almost the same.
That means results of GN-3 theory are the converged
results of GN theory.
Then, we compare the results of GN-3 theory with
experiment results.
From Fig. 3, we ﬁnd that the results of GN-3 theory
correspond relatively well to the experiment results of
Sue.4 The average speed of the computed waves is little
greater than the measured speed after propagating a
distance. The viscous eﬀects may be able to account
for the discrepancies.
GN theory is applied to simulate 2D underwater
landslide induced tsunamis in this paper. The GN equa-
tions shown here allow the sea bottom varying with
time. Results of GN theory correspond relatively well to
the experiment results of Sue.4 In the situations where
GN theory showed discrepancies with the experimen-
tal data, it is suspected that the viscous eﬀects in the
rather small physical models may have played a role.
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